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1 Introduction

The ubiquity of the Chern-Simons-Matter system has been much appreciated in recent

studies of theoretical physics. On one corner of the theoretical physics, i.e. in string theory,

the M2-brane mini-revolution [1–4] has created a novel class of gauge-gravity correspon-

dences based on the Chern-Simons-Matter theory, and we believe that it will eventually

bring us deeper understanding of the M-theory itself. On the other corner of the theoretical

physics, i.e. in condensed matter physics, the Chern-Simons-Matter theory has been long

known to give an indispensable tool to analyze the effective theory that appears in the

quantum Hall effects.

The natural question that connects these two distinguishing branches of theoretical

physics would be: Can we understand the quantum Hall effect from M2-brane gauge the-

ory?1 The question is much like whether we can understand the QCD from the string

theory. Although it is true that the quantum Hall effect in the effective Chern-Simons-

Matter system is not supersymmetric (like real QCD) and the rank of the gauge group is

1Fractional quantum Hall effect has been discussed in [5] by using the edge states in the ABJM model [4]

and other D-brane setups.
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just Abelian, we expect that qualitative features of such a theory can be extracted from

the non-relativistic limit of these M2-brane gauge theories.

For example, one can use the “Seiberg duality” of N = 2 Chern-Simons-Matter the-

ory [6, 7] to translate a level k U(1) Chern-Simons theory with one fundamental matter

multiplet to a level k U(k) Chern-Simons theory with one fundamental matter multiplet

coupled with a singlet supermultiplet. It may be possible to study the large k behavior

from the string theory because the latter dual theory is strongly coupled from the gauge

theory viewpoint.

However, the real hurdle in this scenario lies in the non-relativistic limit, which is the

main scope of this paper. Even the supersymmetry (SUSY) can be completely broken

in the limiting procedure, depending on the specific non-relativistic limit that we choose.

It is furthermore not a priori obvious how many supersymmetries can be realized in a

given non-relativistic conformal limit. We note that the complete classification of the

non-relativistic superconformal algebra is still unavailable. Unlike the relativistic super-

conformal system, there seem a lot more possibilities. Indeed, we will find many in this

paper.

In [8, 9], they studied the non-relativistic superconformal algebra embedded in one-

dimensional higher dimensional relativistic superconformal algebra. This is a standard

way to realize the bosonic counterpart: Schrödinger algebras inside a relativistic conformal

algebra (or AdS algebra).2 Some non-relativistic superconformal algebras we obtain in

this paper are not included in their list. Furthermore, the explicit construction of the

non-relativistic superconformal field theories is non-trivial even when the algebra is known

(see [21–24] for some previous attempts from the field theory).

With this motivation, we study the non-relativistic limit of N = 6 Chern-Simons-

Matter theory [4] (known as ABJM model). The model is a candidate dual gauge theory

for M2-branes in orbifold space. We introduce the background 4-form flux that yields

the maximal supersymmetric mass deformation [25–27]. The non-relativistic limit of the

theory gives a novel supersymmetric Chern-Simons-Matter theory with maximum 14 super-

charges. We also obtain less supersymmetric limits, which include the supersymmetric the-

ory without any superconformal charges (but invariant under the full bosonic Schrödinger

group).

The organization of the paper is as follows. In section 2, we study the maximal su-

persymmetric mass deformation of the ABJM model. In section 3, we take the maximal

supersymmetric non-relativistic limit of the mass-deformed ABJM model, and investigate

the non-relativistic superconformal algebra. In section 4, we examine other possible non-

relativistic limits, which yield less supersymmetric theories. In section 5, we give some

discussions and conclude the paper. In appendix A, we have summarized our spinor

convention in (1 + 2) dimension. We discuss the consistency of the truncation in ap-

pendix B.

2Non-relativistic conformal algebra [10–13] is sometimes called Schrödinger algebra because it was orig-

inally found as the maximal symmetry of a free Schrödinger equation. See also [14–20] for further investi-

gations.
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2 Mass deformed ABJM model

ABJM model describes a low energy effective theory on the M2-branes probing the C4/Zk

orbifold. It is a U(N) × U(N) Chern-Simons quiver gauge theory with bi-fundamental

matter fields. The model has the manifest N = 6 superconformal symmetry (with 24

supercharges).

Our starting point is the relativistic action for the ABJM model given by

S =

∫

d3x

[

k

4π
ǫµνλTr

(

Aµ∂νAλ +
2i

3
AµAνAλ − Âµ∂νÂλ − 2i

3
ÂµÂνÂλ

)

−TrDµX
†
AD

µXA − iTrΨ̄AγµDµΨA − Vbos − Vfer

]

, (2.1)

where the bosonic potential is given by

Vbos = −4π2

3k2
Tr
(

XAX†
AX

BX†
BX

CX†
C +X†

AX
AX†

BX
BX†

CX
C

+ 4XAX†
BX

CX†
AX

BX†
C − 6XAX†

BX
BX†

AX
CX†

C

)

, (2.2)

while the fermionic potential is given by

Vfer = −2πi

k
Tr

[

X†
AX

AΨ̄BΨB +XAX†
AΨBΨ̄B

− 2XAX†
BΨAΨ̄B − 2X†

AX
BΨ̄AΨB

− ǫABCDX†
AΨBX

†
CΨD + ǫABCDX

AΨB†XCΨD†

]

. (2.3)

The original ABJM model possesses an SU(4)R symmetry, under which a field with the

upper index A (XA and Ψ†A) transforms as 4 and one with the lower index A (X†
A and

ΨA) transforms as 4̄. The gauge group is U(N) × U(N) and XA and ΨA transform as

(N, N̄ ) and X†
A and Ψ†A transform as (N̄ ,N). The model is parametrized by one integer

k given by the level of the Chern-Simons action.

The ABJM action is invariant under the N = 6 SUSY transformation [28, 29]

δXA =ǭi(Γ
i∗)ABΨB , δX†

A = −Ψ̄†BǫiΓ
i
AB ,

δΨA = − iγµǫiΓ
i
ABDµX

B

+
2π

k
(−iǫiΓi

AB(XCX†
CX

B −XBX†
CX

C) + 2iǫiΓCDX
CX†

AX
D) ,

δΨ̄A = − iDµX†
B ǭiγµ(Γi∗)AB ,

+
2π

k
(i(X†

BX
CX†

C −X†
CX

CX†
B)ǭi(Γ

i∗)AB − 2iX†
DX

AX†
C ǭi(Γ

i∗)CD) ,

δAµ = − 2π

k
(iXAΨ̄BγµǫiΓ

i
AB + iǭi(Γ

i∗)ABγµΨAX
†
B) ,

δÂµ =
2π

k
(iΨ̄AXBγµǫiΓ

i
AB + iǭi(Γ

i∗)ABγµX
†
AΨB) , (2.4)

– 3 –
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where ǫi (for i = 1, . . . , 6) are six independent Majorana fermions. We take the explicit

form of gamma matrices Γi
AB as

Γ1 = σ2 ⊗ 1 , Γ2 = −iσ2 ⊗ σ3 , Γ3 = iσ2 ⊗ σ1 ,

Γ4 = −σ1 ⊗ σ2 , Γ5 = σ3 ⊗ σ2 , Γ6 = −i1 ⊗ σ2 . (2.5)

These chiral SO(6) gamma matrices are the intertwiner between the SU(4) antisymmetric

representation (with the reality condition) and the SO(6) (real) vector representation.

Note that 1
2ǫ

ABCDΓi
CD = −(Γi∗)AB . The model is also invariant under the conformal

transformation, so that the theory has 12 additional superconformal charges [30].

The mass deformation of the ABJM model was studied in [25–27]. We focus on the

maximally supersymmetric mass deformation,

Vmass =m2Tr(X†
AX

A) + imTr(Ψ̄aΨa − Ψ̄a′

Ψa′)

− 4π

k
mTr(XaX†

[aX
bX†

b] −Xa′

X†
[a′
Xb′X†

b′]) , (2.6)

which breaks the SU(4) R-symmetry down to the SU(2)×SU(2)×U(1). We set A = (a, a′),

where a and a′ are two SU(2) indices, and we have introduced the following notation

X[aXb] ≡ XaXb −XbXa .

Though the mass term breaks the SU(4) R-symmetry down to the SU(2)×SU(2)×U(1),

the N = 6 SUSY remains once we add the SUSY transformation

δmΨa = imǫiΓ
i
aBX

B , δmΨ̄a = −imǭi(Γi∗)aBX†
B ,

δmΨa′ = −imǫiΓi
a′BX

B , δmΨ̄a′

= imǭi(Γ
i∗)a

′BX†
B . (2.7)

The mass deformation obviously breaks the conformal invariance, so the 12 superconfor-

mal generators are lost accordingly. From the M-theory viewpoint, the mass deformation

corresponds to turning on a background 4-form flux in the bulk. After taking the mass

deformation, the theory has multiple vacua including the broken (Higgs) phase, but we

focus on the unbroken phase in the following non-relativistic limit analysis.

3 Non-relativistic limit

There are several possible ways to take a non-relativistic limit of the relativistic action.

We first investigate the non-relativistic limit which preserves the maximal SUSY. It turns

out that the non-relativistic limit preserves 14 supercharges (including 2 superconformal

charges).

3.1 Action

We begin with the bosonic part. The relativistic scalar field XA can be decomposed into

two non-relativistic scalar fields φA and φ̂∗A [15, 21] as

XA =
1√
2m

(

e−imtφA + eimtφ̂∗A
)

, (3.1)

– 4 –
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where φA describes a particle degree of freedom and φ̂A describes an anti-particle degree

of freedom. To obtain the maximal SUSY transformation, we discard φ̂A and only keep

φA.3 After the substitution of our ansatz (3.1), the kinetic part of the original relativistic

action is replaced by the Schrödinger action:

iTr(φ†AD0φ
A) − 1

2m
Tr(Diφ

†
ADiφ

A) . (3.2)

Similarly, the relativistic fermion field ΨA can be decomposed into non-relativistic

two-component spinor fields ψαA and ψ̂A
α in the following form:

ΨA = e−imtψA + eimtσ2ψ̂
∗
A . (3.3)

Again, in order to obtain the maximal SUSY theory, we discard the anti-particle degrees

of freedom ψ̂A. Actually, only the half of the spinor components are dynamical in the

non-relativistic limit. To see this, we note that the Dirac equation

(

iD0 +m D+

D− −iD0 +m

)(

Ψ1a

Ψ2a

)

= 0 (D± ≡ D1 ± iD2) , (3.4)

is decomposed into the two equations:

2mψ1a +D+ψ2a = 0 , D−ψ1a − iD0ψ2a = 0 , (3.5)

in the non-relativistic limit. We can replace the first component of the non-relativistic

spinor ψ1a by −D+

2m
ψ2a. Then, the non-relativistic equation for the second component of

the fermion is given by the Pauli equation:

iD0ψ2a = −D−D+

2m
ψ2a . (3.6)

In the same way, the Dirac equation for Ψa′ is given by

(

iD0 −m D+

D− −iD0 −m

)(

Ψ1a′

Ψ2a′

)

= 0 , (3.7)

and in the non-relativistic limit, it becomes

iD0ψ1a′ +D+ψ2a′ = 0 , D−ψ1a′ − 2mψ2a′ = 0 . (3.8)

We can replace the second component of the non-relativistic spinor ψ2a′ by D−

2m
ψ1a′ , and

the first equation yields the Pauli equation:

iD0ψ1a′ = −D+D−

2m
ψ1a′ . (3.9)

In the following, we drop the subscript 1 (for ψa′) and 2 (for ψa) with the above substitution

implicitly assumed.

3In the later section, we will investigate other choices of the non-relativistic limit to obtain less super-

symmetric theories. We discuss the consistency of the truncation in appendix B.

– 5 –
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We now present the non-relativistic ABJM action obtained by substituting the above

non-relativistic ansatz. We only keep the quartic potential terms and neglect the sextic

terms that are irrelevant deformations in the non-relativistic superconformal limit [15, 21].

Due to the topological nature, there is no change in the Chern-Simons term:

SCS =
k

4π

∫

dtd2x ǫµνλ Tr

[

Aµ∂νAλ +
2i

3
AµAνAλ − Âµ∂νÂλ − 2i

3
ÂµÂνÂλ

]

. (3.10)

The kinetic terms for bosons and fermions are given by

Skin =

∫

dtd2x

[

iTr(φ†AD0φ
A) − 1

2m
Tr(Diφ

†
ADiφ

A)

+ iTr(ψ†AD0ψA) +
1

2m
Tr(ψ†aD−D+ψa + ψ†a′

D+D−ψa′)

]

. (3.11)

We can also rewrite the Pauli terms as

1

2m
Tr(ψ†aD−D+ψa + ψ†a′

D+D−ψa′)

=
1

2m
Tr
[

ψ†a
(

D2
i ψa − F12ψa + ψaF̂12

)]

+
1

2m
Tr
[

ψ†a′

(

D2
i ψa′ + F12ψa′ − ψa′F̂12

)]

.

The non-relativistic fields φa, φa′

, ψa and ψa′ all transform as (N, N̄) under U(N)×U(N).

Let us move on to the potential part. As we have mentioned, we discard the irrelevant

sextic potential and we only keep the marginal quartic terms.4 The bosonic potential comes

from the supersymmetric completion of the mass term in (2.6), leading to

Sbos =
π

km

∫

dtd2xTr
(

φaφ†[aφ
bφ†

b] − φa′

φ†[a′
φb′φ†

b′]

)

. (3.12)

The fermionic potential comes from the non-relativistic limit of (2.3):

Sfer =
π

km

∫

dtd2xTr
[

(φ†aφ
a + φ†a′φ

a′

)(ψ†bψb − ψ†b′ψb′)

+ (φaφ†a + φa′

φ†a′)(ψbψ
†b − ψb′ψ

†b′)

− 2φaφ†bψaψ
†b + 2φa′

φ†b′ψa′ψ†b′ − 2φ†aφ
bψ†aψb + 2φ†a′φ

b′ψ†a′

ψb′

− iǫabǫc
′d′φ†aψbφ

†
c′ψd′ − iǫbcǫa

′d′φ†a′ψbφ
†
cψd′

+ iǫa
′b′ǫcdφ†a′ψb′φ

†
cψd + iǫb

′c′ǫadφ†aψb′φ
†
c′ψd

+ iǫabǫc′d′φ
aψ†bφc′ψ†d′ + iǫbcǫa′d′φ

a′

ψ†bφcψ†d′

− iǫa′b′ǫcdφ
a′

ψ†b′φcψ†d − iǫb′c′ǫadφ
aψ†b′φc′ψ†d

]

. (3.13)

Here, we have dropped the higher dimensional terms including the derivatives of fermions.

The final non-relativistic ABJM action is given by the sum of (3.10), (3.11), (3.12)

and (3.13).

4Note the classical scaling dimension of the non-relativistic fields D(φa)= D(φa
′

)= D(ψa)= D(ψa′)= 1.

– 6 –
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3.2 Bosonic symmetry

Let us investigate the symmetry of the non-relativistic ABJM model. First of all, the model

is invariant under the bosonic Schrödinger symmetry (+ some internal symmetries):

• time translation: δt = −a

δφA = aD0φ
A , δψA = aD0ψA ,

δA0 = δÂ0 = 0 , δAi = aF0i , δÂi = aF̂0i , (3.14)

with the conserved charge (Hamiltonian)

H =

∫

d2x

[

1

2m
Tr(Diφ

†
ADiφ

A +Diψ
†ADiψA) +

1

2m
Tr(ψ†a(F12ψa − ψaF̂12))

− 1

2m
Tr
(

ψ†a′

(F12ψa′ − ψa′ F̂12)
)

+ Vbos + Vfer

]

.

(3.15)

• spatial translation: δxi = ai

δφA = −aiDiφ
A , δψA = −aiDiψA ,

δA0 = aiF0i , δÂ0 = aiF̂0i , δAi = ǫija
jF12 , δÂi = ǫija

jF̂12 , (3.16)

with the conserved charge (momentum)

Pi =

∫

d2x pi , pi = − i

2
Tr
[

φ†ADiφ
A −Diφ

†
Aφ

A + ψ†ADiψA −Diψ
†AψA

]

. (3.17)

• infinitesimal rotation: δxi = −θǫijxj

δφA = θǫijx
iDjφA , δψa = θǫijx

iDjψa+
i

2
θψa , δψa′ = θǫijx

iDjψa′− i

2
θψa′ ,

δA0 = −θǫijxiF0j , δÂ0 = −θǫijxiF̂0j , δAi = −θxiF12 , δÂi = −θxiF̂12 , (3.18)

with the conserved charge (U(1) angular momentum)5

J = −
∫

d2x

[

ǫijxipj+
1

2
Tr(ψ†aψa − ψ†a′

ψa′)

]

. (3.19)

• total number density (actually a part of the gauge symmetry)

δφA = −iαmφA , δψA = −iαmψA , δAµ = δÂµ = 0 , (3.20)

with the conserved charge (total mass operator)

M = m

∫

d2x ρ , ρ = Tr(φ†Aφ
A + ψ†AψA) . (3.21)

5We have added the separately conserved U(1)F to obtain the conventional spin 1/2 of fermions. Actu-

ally, in two spatial-dimension, the addition of arbitrary amount of U(1)F (or U(1)B) does not change the

Schrödinger algebra.

– 7 –
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• infinitesimal Galilean boost: δxi = −vit

δφA = −(imvixi − tviDi)φ
A , δψA = −(imvixi − tviDi)ψA ,

δA0 = −tviF0i , δÂ0 = −tviF̂0i ,

δAi = −tǫijvjF12 , δÂi = −tǫijvjF̂12 , (3.22)

with the conserved charge

Gi =

∫

d2x [−tpi +mxiρ] . (3.23)

• infinitesimal dilatation: δt = 2αt, δxi = αxi

δφA = −α(1 + xiDi + 2tD0)φ
A , δψA = −α(1 + xiDi + 2tD0)ψA ,

δA0 = αxiF0i , δÂ0 = αxiF̂0i ,

δAi = α(ǫijx
jF12 − 2tF0i) , δÂi = α(ǫijx

jF̂12 − 2tF̂0i) , (3.24)

with the conserved charge

D = −2tH +

∫

d2xxipi . (3.25)

• infinitesimal special conformal transformation: δt = −at2, δxi = −atxi

δφA =

(

at− i

2
max2 + atxiDi + at2D0

)

φA

δψA =

(

at− i

2
max2 + atxiDi + at2D0

)

ψA

δA0 = −atxiF0i , δÂ0 = −atxiF̂0i

δAi = −atǫijxjF12 + at2F0i , δÂi = −atǫijxjF̂12 + at2F̂0i , (3.26)

with the conserved charge

K = −t2H − tD +
1

2
m

∫

d2xx2ρ . (3.27)

These generators satisfy the Schrödinger algebra6

i[J, Pi] = ǫijPj , i[J,Gi] = ǫijGj , i[Pi, Gj ] = δijM , i[H,Gi] = Pi ,

i[D,H] = −2H , i[D,K] = 2K , i[H,K] = D , i[K,Pi] = −Gi ,

i[D,Gi] = Gi , i[D,Pi] = −Pi . (3.28)

To derive these, as in [15], it is useful to note that Ai and Âi are solved by A+ = Â+ = 0,

A− = −4π
k
i∂−

∫

d2yG(x− y)(φAφ†A −ψAψ
†A)(y) and Â− = −4π

k
i∂−

∫

d2yG(x− y)(φ†Aφ
A +

ψ†AψA)(y) where G(x− y) = 1
2π

log |x− y|.
In addition, the model possesses some internal global symmetries:

6The Poisson bracket (more precisely Dirac bracket) is defined by [F,G]PB = −i
“

− δF
δφ∗

δG
δφ

+ δF
δφ

δG
δφ∗

”

−

i
“

δrF
δψ∗

δlG
δψ

+ δrF
δψ

δlG
δψ∗

”

, where δr

δψ
denotes the right derivative and δl

δψ
denotes the left derivative. We fur-

ther replace the Poisson bracket with the quantum mechanical (anti-)commutator [F,G]PB → −i[F,G] or

−i{F,G}.
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• U(1)B × U(1)F

δφa = −iαφa , δφa′

= iαφa′

, δψa = −iβψa , δψa′ = iβψa′ ,

δAµ = δÂµ = 0 , (3.29)

with the conserved charges

QB =

∫

d2xTr(φ†aφ
a − φ†a′φ

a′

) , QF =

∫

d2xTr(ψ†aψa − ψ†a′

ψa′) . (3.30)

We have used QF to improve the U(1) angular momentum. The diagonal part α = β

is a part of the gauge symmetry.

• SU(2) × SU(2) R-symmetry

The first SU(2) is generated by

δφa = iαi(σi)
a
bφ

b , δψa = −iαi(σ∗i )
b

a ψb , δ(others) = 0 . (3.31)

The corresponding generator is

R
(1)
i =

∫

d2xTr
(

φ†a(σi)
a
bφ

b − ψ†a(σ∗i )
b

a ψb

)

. (3.32)

Similarly,

δφa′

= iαi(σi)
a′

b′φ
b′ , δψa′ = −iαi(σ∗i )

b′

a′ ψb′ , δ(others) = 0 . (3.33)

The corresponding generator is

R
(2)
i =

∫

d2xTr
(

φ†a′(σi)
a′

b′φ
b′ − ψ†a′

(σ∗i )
b′

a′ ψb′

)

. (3.34)

The above global internal symmetries commute with all the bosonic generators of the

Schrödinger algebra.

3.3 Supersymmetry

The non-relativistic limit of the mass deformed ABJM model has the non-relativistic su-

persymmetry induced from the supersymmetry of the original relativistic theory. Let us

first begin with the kinematical SUSY. The first order supersymmetry is obtained by the

direct non-relativistic limit of the relativistic supersymmetry. They are generated by the

following charges

ǫQ = i
√

2m
[

(ǫ1 + iǫ2)Tr(iφ†1ψ2 − iφ†2ψ1 − φ1′ψ†2′ + φ2′ψ†1′)

+ ǫ3Tr(−iφ1ψ†2′ + iφ2ψ†1′ + φ†1′ψ2 − φ†2′ψ1)

+ ǫ4Tr(φ1ψ†2′ + φ2ψ†1′ + iφ†1′ψ2 + iφ†2′ψ1)

+ ǫ5Tr(−φ1ψ†1′ + φ2ψ†2′ − iφ†1′ψ1 + iφ†2′ψ2)

+ ǫ6(iφ
1ψ†1′ + iφ2ψ†2′ + φ†1′ψ1 + φ†2′ψ2)

]

, (3.35)
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and similarly by ǫ∗Q∗ by just complex conjugation. There are total five independent

complex supercharges,7 and we relabel them so that

Qî
1 ≡

√
2m

∫

d2x ĵi (̂i = 0, 3 · · · , 6) , (3.36)

where

j0 = Tr(iφ†1ψ2 − iφ†2ψ1 − φ1′ψ†2′ + φ2′ψ†1′) ,

j3 = Tr(−iφ1ψ†2′ + iφ2ψ†1′ + φ†1′ψ2 − φ†2′ψ1) ,

j4 = Tr(φ1ψ†2′ + φ2ψ†1′ + iφ†1′ψ2 + iφ†2′ψ1) ,

j5 = Tr(−φ1ψ†1′ + φ2ψ†2′ − iφ†1′ψ1 + iφ†2′ψ2) ,

j6 = Tr(iφ1ψ†1′ + iφ2ψ†2′ + φ†1′ψ1 + φ†2′ψ2) . (3.37)

Q0
1 is singlet under the SU(2) × SU(2) R-symmetry while Qi

1 (i = 3, · · · 6) transform as

2 × 2 representations under the SU(2) × SU(2).

We can compute the anti-commutation relations as

{Q0
1, Q

0∗
1 } = 2M , {Qm∗

1 , Qn
1} = 2Mδmn − 2imRmn ,

{Q0
1, Q

m∗
1 } = {Qî

1, Q
ĵ
1} = 0 ,

i[J,Q0
1] =

i

2
Q0

1 , i[J,Qm
1 ] =

i

2
Qm

1 ,

[H,Qî
1] = [Pi, Q

î
1] = [Gi, Q

î
1] = [D,Qî

1] = [K,Qî
1] = [M,Qî

1] = 0 . (3.38)

Rmn are particular combinations of the SU(2) × SU(2) R-charges introduced in (3.34):

R34 =

∫

d2xTr(−ψ†2′ψ2′ + ψ†1′ψ1′ + ψ2ψ
†2 − ψ1ψ

†1 − φ1φ†1 + φ2φ†2 − φ†1′φ
1′ + φ†2′φ

2′) ,

R35 =

∫

d2xTr(ψ†2′ψ1′ + ψ†1′ψ2′ − ψ2ψ
†1 − ψ1ψ

†2 − φ1φ†2 − φ2φ†1 − φ†1′φ
2′ − φ†2′φ

1′) ,

R36 =

∫

d2xTr(iψ†2′ψ1′ − iψ†1′ψ2′ + iψ2ψ
†1 − iψ1ψ

†2+ iφ1φ†2 − iφ2φ†1 − iφ†1′φ
2′+ iφ†2′φ

1′) ,

R45 =

∫

d2xTr(iψ†2′ψ1′ − iψ†1′ψ2′ − iψ2ψ
†1+ iψ1ψ

†2 − iφ1φ†2 + iφ2φ†1 − iφ†1′φ
2′+ iφ†2′φ

1′) ,

R46 =

∫

d2xTr(−ψ†2′ψ1′ − ψ†1′ψ2′ − ψ2ψ
†1 − ψ1ψ

†2 − φ1φ†2 − φ2φ†1 + φ†1′φ
2′ + φ†2′φ

1′) ,

R56 =

∫

d2xTr(−ψ†2′ψ2′ + ψ†1′ψ1′ − ψ2ψ
†2 + ψ1ψ

†1+φ1φ†1−φ2φ†2−φ†1′φ1′+φ†2′φ
2′) .

(3.39)

Since the particular combination of the SUSY parameter ǫ1 + iǫ3 does not generate

the first order kinematical SUSY transformation, one can construct the second dynamical

SUSY transformation [21, 23]. The second SUSY is generated by the supercharge

Q2 =
1√
2m

∫

d2xTr
(

φ†1D+ψ2 − φ†2D+ψ1 − iφ1′D+ψ
†2′ + iφ2′D+ψ

†1′
)

. (3.40)

7Note that ǫ1 − iǫ2 does not appear in the first supercharges, which results in the emergence of the

second dynamical SUSY.
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The supercharge Q2 is invariant under SU(2)×SU(2) R-symmetry. The anti-commutation

relations for Q2 can be computed as

{Q2, Q
∗
2} = H , {Q0

1, Q
∗
2} = P− , {Q0

1, Q2} = {Qm
1 , Q

∗
2} = {Qm

1 , Q2} = 0 ,

[Pi, Q2] = [H,Q2] = 0 , i[J,Q2] = − i

2
Q2 ,

i[G+, Q
∗
2] = −Q0∗

1 , i[G−, Q2] = −Q0
1 , i[D,Q2] = −Q2 ,

i[K,Q2] = tQ2 −
√

m

2

∫

d2xx+j0 , [M,Q2] = [Rmn, Q2] = 0 . (3.41)

As expected from the first anti-cummutation relation in (3.41), we can rewrite the Hamil-

tonian (3.15) by using the Gauss law constraints

F12 =
2π

k

(

φAφ†A − ψAψ
†A
)

, F̂12 =
2π

k

(

φ†Aφ
A + ψ†AψA

)

, (3.42)

in a manifestly semi-positeve definite form:

H =

∫

d2x

[

1

2m
Tr
(

(D−φ
a)†D−φ

a + (D+φ
a′

)†D+φ
a′)

+
1

2m
Tr
(

(D+ψa)
†D+ψa + (D−ψa′)†D−ψa′

)

+
2π

mk
Tr
(

(ǫabφ
aψ†b − iǫa

′b′ψb′φ
†
a′)

†(ǫabφ
aψ†b − iǫa

′b′ψb′φ
†
a′)
)

+
2π

mk
Tr
(

(ǫabφ†aψb + iǫa′b′ψ
†b′φa′

)†(ǫabφ†aψb + iǫa′b′ψ
†b′φa′

)
)

]

. (3.43)

The commutator of K and Q2 defines the superconformal charge

i[K,Q2] = S , (3.44)

so that

S = tQ2 −
√

m

2

∫

d2xx+j0 (x± ≡ x1 ± ix2) . (3.45)

Then the anti-commutation relations containing S are

{Q0
1, S

∗} = −G− , {Qm∗
1 , S} = {Qm

1 , S} = {Q0
1, S} = 0 ,

{Q∗
2, S} = −1

2
D − i

2
J +

3

4
iR , {S, S∗} = K , (3.46)

where R is an R-symmetry generator defined as

R ≡ −
∫

d2xTr

(

2

3
φ†aφ

a − 2

3
φ†a′φ

a′ − 1

3
ψ†aψa +

1

3
ψ†a′

ψa′

)

. (3.47)

In fact, R generates the U(1) R-symmetry

i[R,Q0
1] = −iQ0

1 , i[R,Qm
1 ] = i

1

3
Qm

1 ,

i[R,Q2] = −iQ2 , i[R,S] = −iS , (3.48)
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and commutes with all bosonic generators

[R,TB ] = 0 , TB = {Pi, H, J, Gi, D, K, M, Rmn, R} . (3.49)

Finally the remaining non-trivial commutation relations are

i[P−, S] = −Q0
1 , i[H,S] = −Q2 , i[J, S] = − i

2
S ,

i[D,S] = S , [Gi, S] = [K,S] = [M,S] = [Rmn, S] = 0 . (3.50)

3.4 Summary of the superconformal algebra

We summarize the superconformal algebra with 14 fermionic generators obtained in this

section. The bosonic part is nothing but the Schrödinger algebra:

i[J, P+] = −iP+ , i[J, P−] = iP− , i[J,G+] = −iG+ , i[J,G−] = iG− ,

i[H,G+] = P+ , i[H,G−] = P− , i[K,P+] = −G+ , i[K,P−] = −G− ,

i[D,P+] = −P+ , i[D,P−] = −P− , i[D,G+] = G+ , i[D,G−] = G− ,

i[D,H] = −2H , i[H,K] = D , i[D,K] = 2K , i[P+, G−] = 2M . (3.51)

The fermionic part is

{Q0
1, Q

0∗
1 } = 2M , {Qm∗

1 , Qn
1} = 2Mδmn − 2miRmn ,

{Q2, Q
∗
2} = H , {Q1, Q

∗
2} = P− , {Q2, Q

∗
1} = P+ ,

i[J,Q0
1] =

i

2
Q0

1 , i[J,Qm
1 ] =

i

2
Qm

1 , i[J,Q2] = − i

2
Q2 ,

i[G−, Q2] = −Q0
1 , i[G+, Q

∗
2] = −Q∗0

1 , i[D,Q2] = −Q2 , i[D,Q∗
2] = −Q∗

2 ,

i[K,Q2] = S , i[H,S∗] = −Q∗
2 , i[P−, S] = −Q0

1 , i[J, S] = − i

2
S ,

{S, S∗} = K , {S,Q∗0
1 } = −G+ , i[D,S] = S , {S,Q∗

2} =
i

2

(

iD−J+
3

2
R
)

,

i[R,Q0
1] = −iQ0

1 , i[R,Qm
1 ] =

i

3
Qm

1 , i[R,Q2] = −iQ2 , i[R,S] = −iS . (3.52)

4 Less SUSY limit

In this section, we study other non-relativistic limits of the mass deformed ABJM model,

which lead to less supersymmetric theories. The result is summarized in table 1. We only

consider the non-relativistic limit which preserves SU(2)× SU(2) global symmetry while it

is possible to obtain less and less SUSY limit by breaking SU(2)× SU(2) global symmetry.

4.1 8 SUSY limit

Let us take the ansatz for the non-relativistic limit of scalars as

Xa =
1√
2m

e−imtφa , Xa′

=
1√
2m

eimtφ̂∗a
′

, (4.1)
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Limit Xa Xa′

Ψa Ψa′ Q1 Q2 S

3 P P P P 10 2 2

4.1 P A A P 8 0 0

4.2 P A P A 4 0 0

4.3 P P A A 0 0 0

Table 1. The matter contents of possible non-relativistic limits that preserve SU(2) × SU(2) and

non-trivial supersymmetries. P and A denote particle and anti-particle, respectively.

and fermions as

Ψa = eimtσ2ψ̂
∗
a , Ψa′ = e−imtψa′ . (4.2)

The Dirac equation for Ψa gives slightly different results from those in section 3:

Ψa = eimt

(

−iψ̂∗
a

iD−

2m
ψ̂∗

a

)

. (4.3)

The action is given by SCS + Skin + Sbos + Sfer, where SCS is the same as in (3.10) while

the kinetic term is given by

Skin =

∫

dtd2x

[

iTr(φ†aD0φ
a + φ̂†a

′

D0φ̂a′) − 1

2m
Tr(Diφ

†
aDiφ

a +Diφ̂
†a′

Diφ̂a′)

+ iTr(ψ̂†
aD0ψ̂

a + ψ†a′

D0ψa′) +
1

2m
Tr(ψ̂†

aD−D+ψ̂
a + ψ†a′

D+D−ψa′)

]

. (4.4)

Now, φa and ψa′ transform as (N, N̄) under U(N) × U(N) whereas φ̂a′ and ψ̂a transform

as (N̄ ,N) .

The leading bosonic potential that will survive in the conformal limit is

Sbos =

∫

dtd2x
π

km
Tr(φaφ†[aφ

bφ†
b] − φ̂†a

′

φ̂[a′ φ̂†b
′

φ̂b′]) . (4.5)

The fermionic potential comes from the non-relativistic limit of (2.3):

Sfer = − π

km

∫

dtd2xTr
[

(φ†aφ
a + φ̂a′ φ̂†a

′

)(ψ̂bψ̂†
b + ψ†b′ψb′) (4.6)

+ (φaφ†a + φ̂†a
′

φ̂a′)(ψ̂†
b ψ̂

b + ψb′ψ
†b′)

− 2(φaφ†bψ̂
†
aψ̂

b − iφaφ̂b′ψ̂
†
aψ

†b′ + iφ̂†a
′

φ†bψa′ ψ̂b + φ̂†a
′

φ̂b′ψa′ψ†b′)

− 2(φ†aφ
bψ̂aψ̂†

b + iφ†aφ̂
†b′ψ̂aψb′ − iφ̂a′φbψ†a′

ψ̂†
b + φ̂a′ φ̂†b

′

ψ†a′

ψb)
]

.

Let us study the bosonic symmetry of the theory. The theory possesses the full

Schrödinger symmetry and SU(2) × SU(2) R-symmetry acting on indices a and a′. In ad-

dition, the theory is invariant under U(1)B and U(1)F generated by QB(φa, φ̂a′ , ψ̂a, ψa′) =

(1,−1, 0, 0) and QF (φa, φ̂a′ , ψ̂a, ψa′) = (0, 0, 1,−1). Furthermore, because ǫab and ǫa
′b′

– 13 –



J
H
E
P
0
4
(
2
0
0
9
)
0
9
6

do not appear in the action, the SU(2) × SU(2) symmetry is enhanced to U(2) ×
U(2) with additional U(1)R charge generated by QR1

(φa, φ̂a′ , ψ̂a, ψa′) = (1, 0, 1, 0) and

QR2
(φa, φ̂a′ , ψ̂a, ψa′) = (0, 1, 0, 1).8

We now consider the SUSY transformation. The supersymmetries generated by Γ1 and

Γ2 do not act on the fields non-trivially any longer because the particles cannot transform

into anti-particles in the non-relativistic limit. The only non-trivial SUSY transformations

are generated by Γ3−6.

The corresponding SUSY generators are

Q3
1 =

√
2mi

∫

d2xTr
(

−iφ1ψ†2′ + iφ2ψ†1′ − φ̂†1
′

ψ̂†2 + φ̂†2
′

ψ̂†1
)

,

Q4
1 =

√
2mi

∫

d2xTr
(

φ1ψ†2′ + φ2ψ†1′ + iφ̂†1
′

ψ̂2 + iφ̂†2
′

ψ̂1
)

,

Q5
1 =

√
2mi

∫

d2xTr
(

−φ1ψ†1′ + φ2ψ†2′ − iφ̂†1
′

ψ̂1 + iφ̂†2
′

ψ̂2
)

,

Q6
1 =

√
2mi

∫

d2xTr
(

iφ1ψ†1′ + iφ2ψ†2′ − φ̂†1
′

ψ̂1 − φ̂†2
′

ψ̂2
)

. (4.7)

We can compute the anti-commutation relations as

{Qm∗
1 , Qn

1} = 2Mδmn − 2miRmn , i[J,Qm
1 ] =

i

2
Qm

1 ,

[H,Qn
1 ] = [Pi, Q

n
1 ] = [Gi, Q

n
1 ] = [D,Qn

1 ] = [K,Qn
1 ] = [M,Qn

1 ] = 0 . (4.8)

Rmn are particular combinations of the SU(2) × SU(2) R-charges:

R34 =

∫

d2xTr(−ψ†2′ψ2′ + ψ†1′ψ1′ − ψ̂2ψ̂†
2 + ψ̂1ψ̂†

1 − φ1φ†1 + φ2φ†2 + φ̂†1
′

φ̂1′ − φ̂†2
′

φ̂2′) ,

R35 =

∫

d2xTr(ψ†2′ψ1′ + ψ†1′ψ2′ + ψ̂2ψ̂†
1 + ψ̂1ψ̂†

2 − φ1φ†2 − φ2φ†1 + φ̂†1
′

φ̂2′ + φ̂†2
′

φ̂1′) ,

R36 =

∫

d2xTr(iψ†2′ψ1′ − iψ†1′ψ2′ + iψ̂2ψ̂†
1 − iψ̂1ψ̂†

2+ iφ1φ†2 − iφ2φ†1 − iφ̂†1
′

φ̂2′+ iφ̂†2
′

φ̂1′) ,

R45 =

∫

d2xTr(iψ†2′ψ1′ − iψ†1′ψ2′ − iψ̂2ψ̂†
1 + iψ̂1ψ̂†

2− iφ1φ†2 + iφ2φ†1 − iφ̂†1
′

φ̂2′+ iφ̂†2
′

φ̂1′) ,

R46 =

∫

d2xTr(−ψ†2′ψ1′ − ψ†1′ψ2′ + ψ̂2ψ̂†
1 + ψ̂1ψ̂†

2 − φ1φ†2 − φ2φ†1 − φ̂†1
′

φ̂2′ − φ̂†2
′

φ̂1′) ,

R56 =

∫

d2xTr(−ψ†2′ψ2′ + ψ†1′ψ1′ + ψ̂2ψ̂†
2 − ψ̂1ψ̂†

1+φ
1φ†1−φ2φ†2+φ̂

†1′ φ̂1′−φ̂†2
′

φ̂2′) .

(4.9)

We cannot construct a dynamical SUSY charge Q2 and hence there is no superconfor-

mal generator S. This gives us an example of non-relativistic superconformal field theories

with no superconformal charges.

8Since there are two relations: M = QR1
− QR2

and QB + QF = QR1
+ QR2

, the total symmetry is

U(2) × U(2) × U(1)F . In addition, a particular U(1) × U(1) is a part of the gauge symmetry.
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4.2 4 SUSY limit

We take the ansatz for the non-relativistic limit of scalars as

Xa =
1√
2m

e−imtφa , Xa′

=
1√
2m

eimtφ̂∗a
′

, (4.10)

and fermions as

Ψa = e−imtψa , Ψa′ = eimtσ2ψ̂
∗
a′ . (4.11)

The Dirac equation for Ψa′ gives slightly different results from those in section 3:

Ψa′ = eimt

(

iD+

2m
ψ̂∗

a′

iψ̂∗
a′

)

. (4.12)

The action is given by SCS + Skin + Sbos + Sfer, where SCS is the same as in (3.10) while

the kinetic term is given by

Skin =

∫

dtd2x

[

iTr(φ†aD0φ
a + φ̂†a

′

D0φ̂a′) − 1

2m
Tr(Diφ

†
aDiφ

a +Diφ̂
†a′

Diφ̂a′)

+ iTr(ψ†aD0ψa + ψ̂†
a′D0ψ̂

a′

) +
1

2m
Tr(ψ†aD−D+ψa + ψ̂†

a′D+D−ψ̂
a′

)

]

. (4.13)

Now, φa and ψa transform as (N, N̄) under U(N) × U(N) whereas φ̂a′ and ψ̂a′

transform

as (N̄ ,N). This is equivalent to the non-relativistic limit studied in [22].

The leading bosonic potential that will survive in the conformal limit is

Sbos =
π

km

∫

dtd2xTr(φaφ†[aφ
bφ†

b] − φ̂†a
′

φ̂[a′ φ̂†b
′

φ̂b′]) . (4.14)

The fermionic potential comes from the non-relativistic limit of (2.3):

Sfer =
π

km

∫

dtd2xTr
[

(φ†aφ
a + φ̂a′ φ̂†a

′

)(ψ†bψb + ψ̂b′ ψ̂†
b′) (4.15)

+ (φaφ†a + φ̂†a
′

φ̂a′)(ψbψ
†b + ψ̂†

b′ψ̂
b′)

− 2(φaφ†bψaψ
†b + φ̂†a

′

φ̂b′ψ̂
†
a′ψ̂

b′) − 2(φ†aφ
bψ†aψb + φ̂a′ φ̂†b

′

ψ̂a′

ψ̂†
b′)
]

.

Let us study the bosonic symmetry of the theory. The theory possesses the full

Schrödinger symmetry and SU(2) × SU(2) R-symmetry acting on indices a and a′. In ad-

dition, the theory is invariant under U(1)B and U(1)F generated by QB(φa, φ̂a′ , ψa, ψ̂
a′

) =

(1,−1, 0, 0) and QF (φa, φ̂a′ , ψa, ψ̂
a′

) = (0, 0, 1,−1). Furthermore, because ǫab and ǫa
′b′

do not appear in the action, the SU(2) × SU(2) symmetry is enhanced to U(2) × U(2)

with additional U(1)R charge generated by QR1
(φa, φ̂a′ , ψa, ψ̂

a′

) = (1, 0,−1, 0) and

QR2
(φa, φ̂a′ , ψa, ψ̂

a′

) = (0, 1, 0,−1).9

9There is one relation between U(1) charges: QR1
−QR2

= QB −QF , so the total symmetry is U(2) ×

U(2)×U(1)F ×U(1)M . In other words, the U(1) symmetries are generated by all the independent rotations

of (φa, φ̂a′ , ψa, ψ̂
a′). A particular combination of U(1) × U(1) is a part of the gauge symmetry.
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While the bosonic sector has a larger symmetry than the limit discussed in section 3,

the number of supersymmetry is reduced. This is due to the fact that the supersymmetries

generated by Γ3−6 do not act on the fields non-trivially any longer because the particle

cannot transform into anti-particle in the non-relativistic limit. The only non-trivial SUSY

transformations are generated by Γ1 and Γ2. The kinematical SUSY charges are

Q1(≡ Q1
1 + iQ2

1) =
√

2mi

∫

d2xTr
(

iφ†1ψ2 − iφ†2ψ1

)

,

Q̂1(≡ Q1
1 − iQ2

1) =
√

2mi

∫

d2xTr
(

−φ̂1′ψ̂
†
2′ + φ̂2′ψ̂

†
1′

)

, (4.16)

and there is no dynamical SUSY. As a consequence, there is no superconformal symmetry.

The anti-commutation relations are

{Q∗
1, Q1} = 2MP , {Q̂∗

1, Q̂1} = 2M̂A , {Q1, Q̂1} = {Q∗
1, Q̂1} = 0 , (4.17)

where MP is the mass operator for particles, and M̂A is the mass operator for anti-particles.

4.3 0 SUSY limit

We can construct a non-supersymmetric theory by taking the non-relativistic ansatz

XA =
1√
2m

e−imtφA (4.18)

and

ΨA = eimtσ2ψ̂
∗
A . (4.19)

It is clear that since the bosons are all particles and fermions are all anti-particles, there

is no non-trivial supersymmetry acting on the non-relativistic theory.

Without writing down the action explicitly, we just point out that the bosonic sym-

metry is given by the Schrödinger algebra with global SU(2) × SU(2) × U(1)B × U(1)F
symmetries. Due to the lack of the supersymmetry, however, it is quite probable that the

model breaks the conformal invariance at the quantum level. Conformal invariance of the

non-relativistic Chern-Simons-Matter theory has been discussed in [31–33].

5 Discussion and summary

In this paper, we have studied various non-relativistic limits of the N = 6 superconformal

field theories and constructed different non-relativistic conformal field theories. While the

kinematical SUSY is easy to obtain, the emergence of the dynamical SUSY is non-trivial.

We need a specific combination of the relativistic supersymmetry whose leading order

supersymmetry transformation vanishes in the non-relativistic limit.

One may try to obtain more supersymmetries by starting with Bagger-Lambert N = 8

supersymmetric Chern-Simons theory [2, 3]. Again it is not so difficult to construct the

limit where only the kinematical SUSY remains while it is still an open question whether

we could obtain more dynamical supersymmetries there.
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Given a new non-relativistic superconformal algebra, one could define a (non-

relativistic) superconformal index [22], and compute it from the explicit theory we have

constructed in this paper. The superconformal algebras we have obtained in this paper

have a non-trivial involutive anti-automorphism, so it is straight-forward to define a new

class of indices.

Finally, the supergravity dual of the non-relativistic limit of the ABJM theory is of

most importance for a future study. The existence of several different non-relativistic limits,

as we have discussed in this paper, suggests that corresponding different non-relativistic

limits should also exist in the dual supergravity solution. It would be very interesting to

pursue this direction further. Some related supergravity backgrounds with Schrödinger

(super)symmetry have been studied in [34–51].
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A Spinor convention

We take the (−,+,+) metric convention and chiral representation of the gamma matrix in

(1 + 2) dimension: γµ = (iσ3, σ1,−σ2). They satisfy the Clifford algebra {γµ, γν} = 2ηµν .

The Dirac conjugation is given by ψ̄ = ψ†γ0 = ψ†iσ3. The corresponding scalar product

is ψ̄ψ ≡ iψ∗
ασ

αβ
3 ψβ. We can define a raised spinor by ψα = ǫαβψβ = iσαβ

2 ψβ so that

χψ ≡ χαψα is a Lorentz scalar. Similarly we define ψ†χ† ≡ ǫαβψ†
βχ

†
α = −(χψ)∗.

In this chiral basis, the Majorana condition is imposed by ασ1ψ
∗ = ψ with |α|2 = 1.

We choose α = −i with no loss of generality.

B Consistency of the truncation

In this appendix, we address the consistency of the non-relativistic truncation studied

in the main text. When we substitute the non-relativistic ansatz with both particles and

anti-particles into the relativistic action, we have non-trivial interactions that might induce

inconsistency.
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Having Non-Abelian ordering of the operators and index structure suppressed, which

are irrelevant for this study, we have the following interactions in the relativistic theory

(φaφ
∗
b′ + φ̂∗c φ̂d′)(ψeψ

∗
f ′ + ψ̂∗

g ψ̂h′) + c.c. ,

φ∗aφ̂bψcψ̂
∗
d + c.c. , φ∗a′ φ̂b′ψc′ψ̂

∗
d′ + c.c. ,

φ∗a′ψb′ φ̂cψ̂
∗
d + c.c. , φ∗a′ψbφ̂c′ψ̂

∗
d + c.c. ,

φ∗a′ψbφ̂cψ̂
∗
d′ + c.c. , φ∗aψb′φ̂c′ψ̂

∗
d + c.c. ,

φ∗aψb′ φ̂cψ̂
∗
d′ + c.c. , φ∗aψbφ̂c′ψ̂

∗
d′ + c.c. . (B.1)

As discussed in [23], we can impose either the strong condition, which means the

conservation of the particle number, or the weak condition, which means the consistency

at the level of classical equation of motion. The former is strong because there could be

no quantum creation of particles, but the latter truncation is still consistent as a classical

theory because it does not provide any source for discarded fields.

We see that the PPPP truncation (section 3) is consistent under the strong condition

while PAAP (section 4.1), PAPA (section 4.2) and PPAA (section 4.3) truncations are

only consistent under the weak condition. We could imagine the truncation which does

not satisfy any condition such as PPPA truncation. While there is no problem in finding

classical Schrödinger invariant field theories from such a construction, the supersymmetry

is typically broken.
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