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1 Introduction

The ubiquity of the Chern-Simons-Matter system has been much appreciated in recent
studies of theoretical physics. On one corner of the theoretical physics, i.e. in string theory,
the M2-brane mini-revolution [1-4] has created a novel class of gauge-gravity correspon-
dences based on the Chern-Simons-Matter theory, and we believe that it will eventually
bring us deeper understanding of the M-theory itself. On the other corner of the theoretical
physics, i.e. in condensed matter physics, the Chern-Simons-Matter theory has been long
known to give an indispensable tool to analyze the effective theory that appears in the
quantum Hall effects.

The natural question that connects these two distinguishing branches of theoretical
physics would be: Can we understand the quantum Hall effect from M2-brane gauge the-
ory?! The question is much like whether we can understand the QCD from the string
theory. Although it is true that the quantum Hall effect in the effective Chern-Simons-
Matter system is not supersymmetric (like real QCD) and the rank of the gauge group is

'Fractional quantum Hall effect has been discussed in [5] by using the edge states in the ABJM model [4]
and other D-brane setups.



just Abelian, we expect that qualitative features of such a theory can be extracted from
the non-relativistic limit of these M2-brane gauge theories.

For example, one can use the “Seiberg duality” of A/ = 2 Chern-Simons-Matter the-
ory [6, 7] to translate a level k£ U(1) Chern-Simons theory with one fundamental matter
multiplet to a level k& U(k) Chern-Simons theory with one fundamental matter multiplet
coupled with a singlet supermultiplet. It may be possible to study the large k behavior
from the string theory because the latter dual theory is strongly coupled from the gauge
theory viewpoint.

However, the real hurdle in this scenario lies in the non-relativistic limit, which is the
main scope of this paper. Even the supersymmetry (SUSY) can be completely broken
in the limiting procedure, depending on the specific non-relativistic limit that we choose.
It is furthermore not a priori obvious how many supersymmetries can be realized in a
given non-relativistic conformal limit. We note that the complete classification of the
non-relativistic superconformal algebra is still unavailable. Unlike the relativistic super-
conformal system, there seem a lot more possibilities. Indeed, we will find many in this
paper.

In [8, 9], they studied the non-relativistic superconformal algebra embedded in one-
dimensional higher dimensional relativistic superconformal algebra. This is a standard
way to realize the bosonic counterpart: Schrodinger algebras inside a relativistic conformal
algebra (or AdS algebra).? Some non-relativistic superconformal algebras we obtain in
this paper are not included in their list. Furthermore, the explicit construction of the
non-relativistic superconformal field theories is non-trivial even when the algebra is known
(see [21-24] for some previous attempts from the field theory).

With this motivation, we study the non-relativistic limit of A/ = 6 Chern-Simons-
Matter theory [4] (known as ABJM model). The model is a candidate dual gauge theory
for M2-branes in orbifold space. We introduce the background 4-form flux that yields
the maximal supersymmetric mass deformation [25-27]. The non-relativistic limit of the
theory gives a novel supersymmetric Chern-Simons-Matter theory with maximum 14 super-
charges. We also obtain less supersymmetric limits, which include the supersymmetric the-
ory without any superconformal charges (but invariant under the full bosonic Schrodinger
group).

The organization of the paper is as follows. In section 2, we study the maximal su-
persymmetric mass deformation of the ABJM model. In section 3, we take the maximal
supersymmetric non-relativistic limit of the mass-deformed ABJM model, and investigate
the non-relativistic superconformal algebra. In section 4, we examine other possible non-
relativistic limits, which yield less supersymmetric theories. In section 5, we give some
discussions and conclude the paper. In appendix A, we have summarized our spinor
convention in (1 + 2) dimension. We discuss the consistency of the truncation in ap-
pendix B.

“Non-relativistic conformal algebra [10-13] is sometimes called Schrédinger algebra because it was orig-
inally found as the maximal symmetry of a free Schrodinger equation. See also [14-20] for further investi-
gations.



2 Mass deformed ABJM model

ABJM model describes a low energy effective theory on the M2-branes probing the C4/Zy
orbifold. It is a U(N) x U(NN) Chern-Simons quiver gauge theory with bi-fundamental
matter fields. The model has the manifest N/ = 6 superconformal symmetry (with 24
supercharges).

Our starting point is the relativistic action for the ABJM model given by
k. 2i p p 20~ . .
S = /d?’m [Eg“ ATy <AM8VA>\ + gAuAVA)\ — A0, AN — gAuAVA)\>
—TrD, X\ D* XA — iTe U D0 4 — Vios — err] . (2.0
where the bosonic potential is given by

4 2
Vios = — 57 Tr(XAXE XXX O]+ X xAX, X P ] XC

Ayt vCyt vByt Axt yvByl yCxyt
+AXTXp X" X X7 X, -6 X" Xp X7 X X Xc), (2.2)
while the fermionic potential is given by

271 - _
‘/fer = _%Z Tr |:XLXA\IIB\I’B + XAXL\I’B\I/B

—2XAXLw, 08 —2XT XPuAw,

— ABCPXT W X U + eapop XAUPTXCWPT] (2.3)

The original ABJM model possesses an SU(4)r symmetry, under which a field with the
upper index A (X4 and W'4) transforms as 4 and one with the lower index A (XL and
T 4) transforms as 4. The gauge group is U(N) x U(N) and X4 and ¥, transform as
(N,N) and Xil and U4 transform as (N, N). The model is parametrized by one integer
k given by the level of the Chern-Simons action.

The ABJM action is invariant under the N'= 6 SUSY transformation [28, 29|

sx4 :Ei(Fi*)AB\I’B, 5X,T4 = -0l g,
oWy = —iyte T D, XP

2T . .
+ (e L(XOXEXP - XBXLXC) 4 2i,TopX O X1 XP),

ST = — iDM X Ly, (T™)AP
2m

+ ?(i(X;XCX(TJ — XEXCX D)) A8 — 2ix | XA X e (17)CP),
27 . — . e i
0, == T (XU el +ie (M) P, WA XE)
A 2r = . i
A, :?(NAXB%QFQB +ig(T™) 4By X1 WUp), (2.4)



where ¢; (for i = 1,...,6) are six independent Majorana fermions. We take the explicit
form of gamma matrices I”A p as

MN=o®l, 2= —icy®o3, IP=ioy®o0,

F4:—O'1®O'2, F5:0'3®O'2, F6:—i1®02. (25)

These chiral SO(6) gamma matrices are the intertwiner between the SU(4) antisymmetric
representation (with the reality condition) and the SO(6) (real) vector representation.
Note that $eABCPTL ) = —(I'*)4B. The model is also invariant under the conformal
transformation, so that the theory has 12 additional superconformal charges [30].

The mass deformation of the ABJM model was studied in [25-27]. We focus on the
maximally supersymmetric mass deformation,

Vinass =m>Tr(X | XA) + imTr(000, — 09 W,

XXl (2.6)

4m oy oyt /3t
- ?mTr(X“X[aX xj - x"xf,

which breaks the SU(4) R-symmetry down to the SU(2) x SU(2) x U(1). We set A = (a,d’),
where a and o’ are two SU(2) indices, and we have introduced the following notation

XXy = XaXp — Xp X, .

Though the mass term breaks the SU(4) R-symmetry down to the SU(2) xSU(2)x U(1),
the A/ = 6 SUSY remains once we add the SUSY transformation

omWe = imeiPéBXB s 5m¢,a = —iméi(Fi*)“BXE ,
oW = —ime I, s X5 5,0 = ime; (I BXT, . (2.7)

The mass deformation obviously breaks the conformal invariance, so the 12 superconfor-
mal generators are lost accordingly. From the M-theory viewpoint, the mass deformation
corresponds to turning on a background 4-form flux in the bulk. After taking the mass
deformation, the theory has multiple vacua including the broken (Higgs) phase, but we
focus on the unbroken phase in the following non-relativistic limit analysis.

3 Non-relativistic limit

There are several possible ways to take a non-relativistic limit of the relativistic action.
We first investigate the non-relativistic limit which preserves the maximal SUSY. It turns
out that the non-relativistic limit preserves 14 supercharges (including 2 superconformal
charges).

3.1 Action

We begin with the bosonic part. The relativistic scalar field X4 can be decomposed into
two non-relativistic scalar fields ¢ and ¢*4 [15, 21] as

1

XA = —
V2m

(e,imtgbfx n eimtgg*A> : (3.1)



where ¢4 describes a particle degree of freedom and ngbA describes an anti-particle degree
of freedom. To obtain the maximal SUSY transformation, we discard qAS 4 and only keep
»4.3 After the substitution of our ansatz (3.1), the kinetic part of the original relativistic
action is replaced by the Schrédinger action:

iTr(¢l, Dod™) — %Tr(DiqﬁLDiqﬁA) . (3.2)

Similarly, the relativistic fermion field ¥4 can be decomposed into non-relativistic

two-component spinor fields 1,4 and 1&3 in the following form:
Uy =e My + ™oy (3.3)

Again, in order to obtain the maximal SUSY theory, we discard the anti-particle degrees
of freedom 1&,4. Actually, only the half of the spinor components are dynamical in the
non-relativistic limit. To see this, we note that the Dirac equation

ZDO+m D+ \Illa .
—0 (Di=Di+iD 3.4
( D_ —z‘Do—i—m) (%a (D = Dy £4Dy), (3:4)

is decomposed into the two equations:
2map1g + D+1/12a =0, D_114 — Do, =0, (3.5)

in the non-relativistic limit. We can replace the first component of the non-relativistic
spinor 1, by —g—n_:ﬂ)ga. Then, the non-relativistic equation for the second component of
the fermion is given by the Pauli equation:

D_D,
2m

iDothog = — Pia - (3.6)

In the same way, the Dirac equation for ¥, is given by

Dy — D Wy
o —m Tt la' | _ 0, (3.7)
D_ —’LD() —m \IIQa’

and in the non-relativistic limit, it becomes
iD0¢1a/ + D+¢2a/ =0, D—wla’ - 2m¢2a/ =0. (38)
We can replace the second component of the non-relativistic spinor o, by 12)_,7:¢1a', and

the first equation yields the Pauli equation:

D.D_

Z'D0¢1a’ = - m

T,Z)m/ . (39)

In the following, we drop the subscript 1 (for ¢,/) and 2 (for 1,) with the above substitution

implicitly assumed.

3In the later section, we will investigate other choices of the non-relativistic limit to obtain less super-
symmetric theories. We discuss the consistency of the truncation in appendix B.



We now present the non-relativistic ABJM action obtained by substituting the above
non-relativistic ansatz. We only keep the quartic potential terms and neglect the sextic
terms that are irrelevant deformations in the non-relativistic superconformal limit [15, 21].

Due to the topological nature, there is no change in the Chern-Simons term:

k % 2
——— Po ATy [A,@AA n ngMAVAA — A,0,A, — ngMAVAA] . (3.10)

The kinetic terms for bosons and fermions are given by
Skin = / dtd*x [iTr(qSLDogbA) - ﬁTr(DiqSTADmSA)
FATR (WM Do) + 5 T D_ Dy + wT“/D+D_wa/>} (3.11)
We can also rewrite the Pauli terms as

1 /
5T DDyt + ¢! Dy D_th)
1 . 1 , N
= %TT [Wa <Dz27/)a — Fiatp, + %Fu)] + %TT [Wa (D?%' + Fiavg — %/Fu)] .

The non-relativistic fields ¢%, ¢%', 1, and 1, all transform as (N, N) under U(N) x U(N).
Let us move on to the potential part. As we have mentioned, we discard the irrelevant
sextic potential and we only keep the marginal quartic terms.* The bosonic potential comes

from the supersymmetric completion of the mass term in (2.6), leading to
_ 2 T bt Lt bt
Shoe = o [t Tr (670], 6], — 67 0], o ) (3.12)
The fermionic potential comes from the non-relativistic limit of (2.3):

St = e [ e T [(66° + 61,6 (00— 6 )
+ (6" + 0¥ ol ) (W™ — ™)
— 20" Bt + 20" ) Yar T — 208" 0T Yy + 20, 67 Y1y
—ie e gyl v — i€ e @ Bl
+ i€ el iy dlipg + ie” el gl v
+i€apeoa @ 7P + iepceqa ¢ PIOgeYT
— ieqryccad” PGP — ieyeaad T 7 1| (3.13)
Here, we have dropped the higher dimensional terms including the derivatives of fermions.

The final non-relativistic ABJM action is given by the sum of (3.10), (3.11), (3.12)
and (3.13).

4Note the classical scaling dimension of the non-relativistic fields D(¢%) = D(d)“/) = D(tpa)= D(¢por)= 1.



3.2 Bosonic symmetry

Let us investigate the symmetry of the non-relativistic ABJM model. First of all, the model
is invariant under the bosonic Schrodinger symmetry (+ some internal symmetries):

e time translation: 6t = —a
5¢" = aDog” ., o4 =aDota,
5A0 = (51210 = O, (5142 = aFOZ' s 5141 = aﬁbi s (3.14)

with the conserved charge (Hamiltonian)
H = / d’x [ Tr(Digy Dig" + Dith™ Dispa) + —Tr(zb*“(sz)a Yal12))

- %TI‘ (T;Z)TGI(FIQT;Z)&’ - ¢a’FI2)) + Vbos + V}er:| .

(3.15)
e spatial translation: dz¢ = a'
56" = —a'Dig",  6pa = —a'Dippa,
6140 = aiF()i, 61210 == a’f’m, 5Az == El'jajFlz s (51212 == El'jajplz s (316)

with the conserved charge (momentum)

1
Pi= [@opi. = =T [0l Dot - Diglot + M D~ D] (347)

e infinitesimal rotation: dx; = —Heijmj

66" = beya DIg" 51, = Beija’ Dbt 5000, b = Beiga Db — 5000w
5A0 = —HeijxiFoj N 61210 == —Hel-jxiﬁ’oj s 5Az == —HQTZ'FH s 6/1@ == —Hxiﬁm 5 (318)

with the conserved charge (U(1) angular momentum)®

J=— / d*x [eijxipj—l—%Tr(szawa — )| . (3.19)

e total number density (actually a part of the gauge symmetry)
5¢" = —iame? | Sa = —iamipa, A, =54, =0, (3.20)

with the conserved charge (total mass operator)

M = m/dQ:U,o, p= Tr(qSLgbA + T y) (3.21)

®We have added the separately conserved U(1)r to obtain the conventional spin 1/2 of fermions. Actu-
ally, in two spatial-dimension, the addition of arbitrary amount of U(1)# (or U(1)g) does not change the
Schrédinger algebra.



e infinitesimal Galilean boost: 6z’ = —v't
5¢A = —(imvixi - tviDl-)qu , O0ha = —(imvixi — tviDi)¢A ,
§Ag = —tv' Fy; §Ag = —tv' Fy;
0A; = —tEZ'j’UjFlz , SA; = —tEZ'j’UjF12 , (3.22)
with the conserved charge

G; = /de [—tpi +mxip| . (3.23)

e infinitesimal dilatation: §t = 2at, éz' = ax’

5¢* = —a(l +2'D; + 2tDo)¢™ , dva = —a(l +a'D; + 2tDo ),

5A0 = al’iFQi s (51210 = Oé.%'iﬁbi s
(SAZ = Oé(El'jijlz — 2tF0i) s (51212 == oz(eijxjplg - 2tF0i) s (324)
with the conserved charge
D= —2tH + /d% z'p; . (3.25)
e infinitesimal special conformal transformation: 6t = —at?, 6z = —ata’

5¢A — (at — %ma:ﬂ2 + atxiDl- + at2D0> ¢A

Siha = <at — %maxz + ata'D; + at2Do> Ya

§A; = —atejja! Fiy + at’ o, 6A; = —atejal Fig + at® (3.26)

with the conserved charge

1
K =—t?H —tD + §m/d2x z2p . (3.27)

These generators satisfy the Schrodinger algebra®
il P] = ePy, il Gi] = € Gy, i[P, Gyl = M, i[H, Gi] = P,
i[D,H] = —-2H, i[D,K]=2K, i[H, K| =D, i|K, P] = -Gy,
ilD,G;| = Gy, ilD,P] =—F; . (3.28)
To derive these, as in [15], it is useful to note that A; and fll are solved by A, = /Lr =0,
Ao = —1Ei0_ [ dPyGla —y) (46l —vat) () and A- = —3zi0_ [ PPyGle —y) (@l +

UT4a)(y) where G(z —y) = 5 log |z — y].
In addition, the model possesses some internal global symmetries:

%The Poisson bracket (more precisely Dirac bracket) is defined by [F, G]pp = —i (f‘;—F 96 ‘;—g fg) —

5o+ 56
r L r 1 r . . . l . .
) (gw{f % + 6515 %)7 where g—w denotes the right derivative and g—w denotes the left derivative. We fur-

ther replace the Poisson bracket with the quantum mechanical (anti-)commutator [F, G]ps — —i[F,G] or
—i{F,G}.



3.3

U(l)B X U(l)F

06" = —iag®, 0¢" =iag”, o= —ifta, Oty =iBta,
5A, =04, =0, (3.29)

with the conserved charges
Qp = / dCrTr(plg" —¢L"),  Qr= / e Te(V " =" ve) . (3.30)

We have used Qp to improve the U(1) angular momentum. The diagonal part o = /3
is a part of the gauge symmetry.

SU(2) x SU(2) R-symmetry
The first SU(2) is generated by

06" = ia'(07)%¢°,  0hy = —iat(a7) by, S(others) =0 . (3.31)
The corresponding generator is
RO = [ @2t (sh(ose — (oD l0) (3.32)
Similarly,
507 = ici(09)% ", Oy = —ial (o) by, O(others) =0 . (3.33)
The corresponding generator is

R = [ @ (ol — 017 0D v (3:34)

The above global internal symmetries commute with all the bosonic generators of the
Schrodinger algebra.

Supersymmetry

The non-relativistic limit of the mass deformed ABJM model has the non-relativistic su-

persymmetry induced from the supersymmetry of the original relativistic theory. Let us

first begin with the kinematical SUSY. The first order supersymmetry is obtained by the

direct non-relativistic limit of the relativistic supersymmetry. They are generated by the

following charges

Q= i\/%[(ﬂ + i€2)Tr(i¢17/)2 - i¢£¢1 — VT 4 ¥t
+ esTr(—ig" 1% +ig®0™ + ol by — ¢l,401)
+ e Tr(p T + @2t il g +igl )
+esTr(—'wi + @912 —igl vy + igl i)
+eo(io o+ ig?ut + gl + oli)] (3.35)



and similarly by €*Q* by just complex conjugation. There are total five independent
complex supercharges,” and we relabel them so that

Qiz\/%/dzxj; (i=0,3---.,6), (3.36)
where
Te(igl o — iphipn — oV 1% + ¢? ),
Tr(—ig % +ig?y™ + ¢l — ¢l4n),
Tr(p'™? + o2 +ipl s +igha),
(—
(

= Tr(—¢ o™ + @21 —igl by + iglabs),
= Tr(ig' ! +ig?t? + o1 + oln) . (3.37)

QY is singlet under the SU(2) x SU(2) R-symmetry while Q% (i = 3,---6) transform as
2 x 2 representations under the SU(2) x SU(2).
We can compute the anti-commutation relations as

{Q}, Q) =2M, {QT*, Q1Y = 2M 6™ — 2imR™
{@.Q1"y = {@1.Q]) =0,
i7,QY) = 1Y, i,Q7 = SQr,
[H,Q] = [P, Q] = [G1,Ql] = [D, Q1] = [K,Ql] = [M.Q}] =0.  (3.38)

R™" are particular combinations of the SU(2) x SU(2) R-charges introduced in (3.34):

RY = / 2aTe (=™ gy + ™ s + g™ — 919" — 60] + ¢°0) — 6], 0" + 0hd”),
R = / PrTe(y™ g+ 91y — oyt — 919" — 9lel — %0 — 01,6" — ol0"),

R* = / daTr(i)™ g — iy + i — i+ ig! ¢ — id?¢] —igl, 0% + il 0",
RY = / daTe(ip™ pr — i o — i + iy 12 — gt ol + gl — il 6% +igh "),
RY = / PaTr(= gy — M gy — o™ =19 = 610] — 6] + 6],0% + 6L 0"),
R = / daTe(—™ o + M — 9o + 41 166168l —o, 0" +0l,67).

(3.39)

Since the particular combination of the SUSY parameter ¢, + ieg does not generate
the first order kinematical SUSY transformation, one can construct the second dynamical
SUSY transformation [21, 23]. The second SUSY is generated by the supercharge

Q> = F [t (6101w = 6D1wn —i0" Do i Dowlt) L (340)

"Note that e; — ie2 does not appear in the first supercharges, which results in the emergence of the

second dynamical SUSY.

,10,



The supercharge @ is invariant under SU(2) x SU(2) R-symmetry. The anti-commutation

relations for ()9 can be computed as

{Q27Q;} - H7 {Q??QZ} - P—7 {Q%QQ} - {QTaQ;} - {QTaQQ} = 07

[Pi, Q2] = [H,Q2] =0, i[J, Q2] = —%Q2,
G+, Q3] = —QY, i[G_, Q2] = —QY, i[D, Q2] = —Q2,
K. Qa) = 1o =\ [ [#ratin,  M.Qa) = (R Qul 0. (3.41)

As expected from the first anti-cummutation relation in (3.41), we can rewrite the Hamil-
tonian (3.15) by using the Gauss law constraints

2 - 2
Fip = % (¢A¢T4 - T,Z)AT/)TA> , P = % <¢TA¢A + ¢TA7/)A) , (3.42)
in a manifestly semi-positeve definite form:
H = /de[iTr (D-¢*) D_¢* + (D4 6% ) D107
+_T1"( D 9a) ' Dytpy + (D_tho) ' D_py)
+—Tr( (capd* T — ie™ Y by §1) (eand™ ™ — ie” P 6],))
kar( (e play + icay ™ 6% ) (e Sy +icay 7)) | . (3.43)

The commutator of K and ()5 defines the superconformal charge

i[K, Q2] = S, (3.44)

S:tQQ—,/%/deerjo (z*t = 2t +ia?). (3.45)

Then the anti-commutation relations containing S are

{Q(I)WS*}:_G—v {QT*,S}:{QT,S}:{Q?,S}ZO,
{Q;,S}:_%D_%H%R, (S5 = K, (3.46)

so that

where R is an R-symmetry generator defined as
2 2 o1 1 ..
R=-— /d% Tr <§¢L¢“ = 300" = UM+ Ut %,) : (3.47)
In fact, R generates the U(1) R-symmetry

iR QY) = ~iQ), ilR.QT] = izQT,
i[R,Qs] = —iQs,  i[R,S] = —iS, (3.48)

— 11 —



and commutes with all bosonic generators
[R,Tg) =0, Tp=1{P, H, J, G;, D, K, M, R™, R} . (3.49)
Finally the remaining non-trivial commutation relations are

iP.S| = —Q°,  G[H,S|=-Qs, ilJ.S]= —%s,
iD,S] = S, Gy, S] = [K, S] = [M, S] = [R™, 5] =0 . (3.50)

3.4 Summary of the superconformal algebra

We summarize the superconformal algebra with 14 fermionic generators obtained in this
section. The bosonic part is nothing but the Schrodinger algebra:

ilJ,Py] =—iPy, dilJ,P_-]=P_, i[J,Gi]=—-iGy, i[J,G_]=iG_,
[H G+] P ) i[H7G—]:P—7 [K P+]:_G+7 [KP ] _G—a
[DP+] _PJra ’L'[D,P,]:—P,, [DG+] G [DG] G- )
ilD,H]=—-2H, [H,K]=D, ilD,K] =2K, i|Py,G_] =2M (3.51)
The fermionic part is
{Q1.Q"y =2M, {Q1",Q7}=2M§"™" —2miR™",
{Q?,Q;}:Ha {Qlan}:Pfa {Q25QT}:P+’
Q=500 QT =507, i1.Qu) = —5Qs,
Z'[G*’QQ] = _Q?? Z[GJHQ;] - = TO’ Z[D5Q2] = _QQ, Z[D’QZ] = _Q;a
K.Ql =5, ilHS]=-Q;. ilPS)=-Q) il =-Ls.
(85 =K, {8Q" =-G,, AD.S|=5,  {5,Q3) =5 (iD-T+3R),
iR, Q1) = —iQ1, ilRQT] = %O;”, iR, Qo] = =iQz, i[R,S]=—iS . (352)

4 Less SUSY limit

In this section, we study other non-relativistic limits of the mass deformed ABJM model,
which lead to less supersymmetric theories. The result is summarized in table 1. We only
consider the non-relativistic limit which preserves SU(2) x SU(2) global symmetry while it
is possible to obtain less and less SUSY limit by breaking SU(2) x SU(2) global symmetry.

4.1 8 SUSY limit

Let us take the ansatz for the non-relativistic limit of scalars as
1 ) o

Xa — efzmt a ’ Xa — 6zmt *a ’ 4.1

Vom' ¢ ¢ (1)

- 12 —



Limit | X¢ X9 0, U, | Qi |Qy] S
3 P P P P [10] 2|2
41 | P A A P | 8|00
42 | P A P A 4010
43 | P P A Ao oO0]oO

Table 1. The matter contents of possible non-relativistic limits that preserve SU(2) x SU(2) and
non-trivial supersymmetries. P and A denote particle and anti-particle, respectively.

and fermions as
U, = ™ ogi)* U,y =e My . (4.2)

The Dirac equation for ¥, gives slightly different results from those in section 3:

U, =™ ( ,_“@ ) . (4.3)

D_ 7
Z%wa
The action is given by Scs + Skin + Shos + Sters Where Scg is the same as in (3.10) while
the kinetic term is given by
. cal o 1 gt ~
Skin = /dtd% [ZTYWLDO(?G + 0™ Dodar) — %Tr(Di(leWa + Di¢™ Digr)
+ iTr (] Doyp® + ' Dotper) + 5 T ID_D 0%+ D D_vy)|. (4.4)
Now, ¢* and 1) transform as (N, N) under U(N) x U(N) whereas ¢ and ¢)® transform

as (N,N) .

The leading bosonic potential that will survive in the conformal limit is

km

Shos = / dtd®e = Te(¢"¢], 66} — A Gt ) (4.5)

The fermionic potential comes from the non-relativistic limit of (2.3):

7T Y StalN g b /
Ster = =1~ / dtd®x Tr [(qS:;an + G 1) (WP + T ) (4.6)
+ (8°6k + 61 6u) (D)0 + oy v™)
— 2(¢" G’ — ig by ™ +id™ Bl + 6 Gy ™)
— 2(gh "D ] + 0} By — idw st B + b w1 )]
Let us study the bosonic symmetry of the theory. The theory possesses the full
Schrodinger symmetry and SU(2) x SU(2) R-symmetry acting on indices a and o’. In ad-

dition, the theory is invariant under U(1)z and U(1)p generated by Qp(¢%, dar, V%, thar) =
(1,-1,0,0) and QF((JSG,(;ASGI,TZJG,T/)GI) = (0,0,1,—1). Furthermore, because € and "
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do not appear in the action, the SU(2) x SU(2) symmetry is enhanced to U(2) x
U(2) with additional U(1)g charge generated by QRI(QS“,QASG/,&“,@Z)G/) = (1,0,1,0) and
Qr, (gba, an/a 1&@’ ¢a/) = (0’ 1,0, 1)'8

We now consider the SUSY transformation. The supersymmetries generated by I'' and
I'? do not act on the fields non-trivially any longer because the particles cannot transform
into anti-particles in the non-relativistic limit. The only non-trivial SUSY transformations
are generated by I'376,

The corresponding SUSY generators are

Gt = Vi [T (<M 4 ighl G+ G

Qt = Vami [ @a'Ts (41017 + Pt 4 i+ i)

QF = Vami [T (~o'lt 4 Pt G0 4 67 )

Qf = Vami [ @ats (i0't +igul - 61— 5 1)
We can compute the anti-commutation relations as

[QI", Q1) = 2M5™ —2miR™ ,ilJ.QY) = 2@,
1,01 = [P, Q1] = G, Q1) = (D, QY] = [K,Q] = [M,Q] =0 (45)

R™™" are particular combinations of the SU(2) x SU(2) R-charges:

R¥ = / PaTe(—y™ oy + 0Ty — 2P0 + 1] — '] + 620) + T dy — 617 ) |

R¥ — / PaTe(™ o + 9T gy + 92 + P10) — ¢loh — $?0] + ¢ do + 61 61)

R — / 2 Tr(i) vy — ip™ oy + 2] — i) P+ oo} — ig*] —id' ¢y + b1 dy),
RY — / RaTr(ip™ g — ™y — 2] + il — il ob + ig2d] — id1 do+ id1Z by,
R — / Ao Tr(—p ™y — Ty + 2] + P10] — 610l — 6701 — o1V by — 1% 1)
R — / PaTr(—™ Yoy + Py + 9205 — Pl 46 gl -2 ph+01Y 1 =61 o) .

(4.9)

We cannot construct a dynamical SUSY charge ()2 and hence there is no superconfor-
mal generator S. This gives us an example of non-relativistic superconformal field theories
with no superconformal charges.

8Since there are two relations: M = Qr, — Qr, and QB + Qr = Qr, + Qr,, the total symmetry is
U(2) x U(2) x U(1)F. In addition, a particular U(1) x U(1) is a part of the gauge symmetry.
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4.2 4 SUSY limit

We take the ansatz for the non-relativistic limit of scalars as

) ’ 1 Ay
e—zmt(ﬁa’ Xa — ezmt(ﬁ*a , (410)

yo_ L
\V2m V2m

and fermions as
U, = e My, U, = eimtagﬁz/ . (4.11)

The Dirac equation for W, gives slightly different results from those in section 3:

Dy oy
_ imt Z2rr-LF wa’
U, =e N . (4.12)

i,

The action is given by Scs + Skin + Shos + Sters Where Scg is the same as in (3.10) while
the kinetic term is given by

Ar g A 1 IR
Skin = / dtd’x [iTT@lDOQSa + &' Dogw) — 5 —Te(Dig) Dig* + Did™® Digw)
m
o Ay 1 N Ay
+ i Tr(p1 Do + 9, Do) + 5 T DD,y + G5 Dy D) | . (4.13)

Now, ¢* and 1), transform as (N, N) under U(N) x U(N) whereas ¢ and ¢* transform
as (N, N). This is equivalent to the non-relativistic limit studied in [22].
The leading bosonic potential that will survive in the conformal limit is
T

St = o [t (06,6, = 31 G161y (4.14)

km

The fermionic potential comes from the non-relativistic limit of (2.3):

Ster = - / dtd?e Tr | (61,6" + G 1) (wvy + 9 4] (4.15)
+ (9°0) + 01 du) (uu™” + ")
— 29 ofuat™ + 81 Gyl ") — 20 w1 + b I B,

Let us study the bosonic symmetry of the theory. The theory possesses the full
Schrodinger symmetry and SU(2) x SU(2) R-symmetry acting on indices a and «’. In ad-
dition, the theory is invariant under U(1)g and U(1)p generated by Qp(¢%, da, Ya, ) =
(1,—1,0,0) and Qp(¢*, dar,Va,¥™) = (0,0,1,—1). Furthermore, because € and *'
do not appear in the action, the SU(2) x SU(2) symmetry is enhanced to U(2) x U(2)
with additional U(1)p charge generated by Qg, (6%, bar s Va, TZJG/) = (1,0,—1,0) and
QRQ (gba, an’ﬂbaa TZJG/) = (0’ 1,0, _1)'9

9There is one relation between U(1) charges: Qr, — Qr, = @B — Qr, 0 the total symmetry is U(2) x

U(2) x U(1)r x U(1)as. In other words, the U(1) symmetries are generated by all the independent rotations
of (¢%, bar s a, 1,/;‘1/). A particular combination of U(1) x U(1) is a part of the gauge symmetry.
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While the bosonic sector has a larger symmetry than the limit discussed in section 3,
the number of supersymmetry is reduced. This is due to the fact that the supersymmetries
generated by I'*~6 do not act on the fields non-trivially any longer because the particle
cannot transform into anti-particle in the non-relativistic limit. The only non-trivial SUSY
transformations are generated by I'' and I'2. The kinematical SUSY charges are

Qu(= Q1 +iQ}) = Vami [T (io]us — ishin )
Qi(= Q} i@} = Vami [ da'Tr (<uidl, + xil) (410

and there is no dynamical SUSY. As a consequence, there is no superconformal symmetry.
The anti-commutation relations are

{QTan} :2MP7 {QTan} ZQMAa {Qla@l} = {QT7QA1}:O7 (417)
where Mp is the mass operator for particles, and M 4 is the mass operator for anti-particles.

4.3 0 SUSY limit

We can construct a non-supersymmetric theory by taking the non-relativistic ansatz

1 4
XA = —emigh 4.18
V2m ¢ (4.18)

and
Uy = ™oy . (4.19)

It is clear that since the bosons are all particles and fermions are all anti-particles, there
is no non-trivial supersymmetry acting on the non-relativistic theory.

Without writing down the action explicitly, we just point out that the bosonic sym-
metry is given by the Schrédinger algebra with global SU(2) x SU(2) x U(1)p x U(1)r
symmetries. Due to the lack of the supersymmetry, however, it is quite probable that the
model breaks the conformal invariance at the quantum level. Conformal invariance of the
non-relativistic Chern-Simons-Matter theory has been discussed in [31-33].

5 Discussion and summary

In this paper, we have studied various non-relativistic limits of the N' = 6 superconformal
field theories and constructed different non-relativistic conformal field theories. While the
kinematical SUSY is easy to obtain, the emergence of the dynamical SUSY is non-trivial.
We need a specific combination of the relativistic supersymmetry whose leading order
supersymmetry transformation vanishes in the non-relativistic limit.

One may try to obtain more supersymmetries by starting with Bagger-Lambert N’ = 8
supersymmetric Chern-Simons theory [2, 3]. Again it is not so difficult to construct the
limit where only the kinematical SUSY remains while it is still an open question whether
we could obtain more dynamical supersymmetries there.
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Given a new non-relativistic superconformal algebra, one could define a (non-
relativistic) superconformal index [22], and compute it from the explicit theory we have
constructed in this paper. The superconformal algebras we have obtained in this paper
have a non-trivial involutive anti-automorphism, so it is straight-forward to define a new
class of indices.

Finally, the supergravity dual of the non-relativistic limit of the ABJM theory is of
most importance for a future study. The existence of several different non-relativistic limits,
as we have discussed in this paper, suggests that corresponding different non-relativistic
limits should also exist in the dual supergravity solution. It would be very interesting to
pursue this direction further. Some related supergravity backgrounds with Schrédinger
(super)symmetry have been studied in [34-51].

Acknowledgments

We would like to thank S. Ryu for fruitful discussions. The work of NY was supported
in part by the National Science Foundation under Grant No. PHY05-55662 and the UC
Berkeley Center for Theoretical Physics. The work of MS was supported in part by the
Grant-in-Aid for Scientific Research (19540324) from the Ministry of Education, Science
and Culture, Japan. The work of KY was supported in part by the National Science Foun-
dation under Grant No. PHY05-51164 and JSPS Postdoctoral Fellowships for Research
Abroad.

A Spinor convention

We take the (—,+, +) metric convention and chiral representation of the gamma matrix in
(1 + 2) dimension: v* = (io3, 01, —02). They satisfy the Clifford algebra {y*,~+"} = 2n**.
The Dirac conjugation is given by 1 = 1T~1? = Tig3. The corresponding scalar product
is Yy = izp;ag‘ﬁwﬁ. We can define a raised spinor by % = eaﬁwg = ia?ﬁwﬁ so that
XU = x“q is a Lorentz scalar. Similarly we define ¢fxf = eaﬁngg = —(x¥)*.

In this chiral basis, the Majorana condition is imposed by ao1* = 1 with |a|? = 1.
We choose o« = —¢ with no loss of generality.

B Consistency of the truncation

In this appendix, we address the consistency of the non-relativistic truncation studied
in the main text. When we substitute the non-relativistic ansatz with both particles and
anti-particles into the relativistic action, we have non-trivial interactions that might induce

inconsistency.
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Having Non-Abelian ordering of the operators and index structure suppressed, which
are irrelevant for this study, we have the following interactions in the relativistic theory

(GaBpy + Gsbar) (Letbfs + Uh) + c.c.,
qﬁ;ébwci&; +c.c., ¢2/$b'¢c/1ﬁ2/ + c.c.,
¢Z’¢b’¢§ﬂz)§ t+c.c., ¢Zl¢b<l§c'7,z)§ +c.c.,
bl + e, by bl + c.c.,
iy bl + oy Frpdely + cc. . (B.1)

As discussed in [23], we can impose either the strong condition, which means the
conservation of the particle number, or the weak condition, which means the consistency
at the level of classical equation of motion. The former is strong because there could be
no quantum creation of particles, but the latter truncation is still consistent as a classical
theory because it does not provide any source for discarded fields.

We see that the PPPP truncation (section 3) is consistent under the strong condition
while PAAP (section 4.1), PAPA (section 4.2) and PPAA (section 4.3) truncations are
only consistent under the weak condition. We could imagine the truncation which does
not satisfy any condition such as PPPA truncation. While there is no problem in finding
classical Schrodinger invariant field theories from such a construction, the supersymmetry
is typically broken.
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